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Abstract
We estimate the long distance contribution to the K+ → pi+νν¯ decay amplitude
using chiral perturbation theory. We find that it is likely to be less than a few percent
of the part of the short distance contribution proportional to the square of the charm
quark mass. In the large Nc limit the leading (in chiral perturbation theory) long
distance contribution to K+ → pi+νν¯ from Feynman diagrams with a W and Z0
vanishes.
⋆ Work supported in part by the U.S. Dept. of Energy under Grant no. DE-FG03-92-ER 40701.
The decay K+ → pi+νν¯ is likely to be observed in the near future. An accurate
measurement of its branching ratio can provide a precise determination of the weak
mixing angle Vtd (once the t-quark mass is known). The general form for the K
+ →
pi+νν¯ invariant matrix element is
M(K+ → pi+νν¯) = GF√
2
αf+
2pi sin2 θW
[
V ∗tsVtdξt(m
2
t/M
2
W )
V ∗csVcdξc(m
2
c/M
2
W ) + V
∗
usVudξLD
]
(pK + ppi)
µu¯(pν)γµ(1− γ5)v(pν¯) . (1)
In eq. (1) GF is the Fermi constant, θW is the weak mixing angle, α is the fine
structure constant, f+ is the form factor in K¯
0 → pi+eν¯e decay and Vab denotes the
a → b element of the Cabibbo-Kobayashi-Maskawa matrix. The factors ξt and ξc
arise from the short distance contribution to K+ → pi+νν¯ and ξLD from the long
distance contribution. Neglecting perturbative strong interaction corrections [1]
ξt(x) =
x
8
[
−2 + x
1 − x +
3x− 6
(1− x)2 lnx
]
, (2a)
ξc(x) ≃ x
8
[−6 ln x− 2] . (2b)
Recently QCD corrections to ξt(x) of order αs(mt) have been calculated [2] and
the QCD corrections to ξc(x) have been summed in the next to leading logarithmic
approximation [2,3]. The value of ξc is about 10
−3 . (This is for νe and νµ neutrinos.
A somewhat smaller value is obtained for ντ because the τ lepton mass cannot be
neglected in the W -box diagram.) With the next to leading logarithms included the
largest uncertainty in ξc comes from our imprecise knowledge of the charm quark
mass and ΛQCD .
This paper contains an estimate of ξLD using chiral perturbation theory. Previous
estimates of this type were made by Rein and Sehgal [4] and Hagelin and Littenberg
[5]. Our work is similar to theirs in approach and conclusions, however, some of the
details are different.
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One of the most prominent features of the pattern of kaon (and hyperon) decays
is the ∆I = 1/2 rule. Nonleptonic kaon decay amplitudes that arise from the I = 1/2
part of the ∆S = 1 effective weak Hamiltonian are enhanced by a factor of twenty
over those that arise from the I = 3/2 part. In this letter we focus primarily on the
part of ξLD that arises from the time ordered product of the weak ∆S = 1 effective
Hamiltonian with the Z0 neutral current, since it receives a ∆I = 1/2 enhancement.
The Z0 coupling to light u, d, and s quarks is given by
Lint =
√
g21 + g
2
2
2
Z0µ [J
(L)
µ − 2 sin2θWJ (e.m.)µ ] , (3)
where J
(L)
µ is the left handed current
J
(L)
µ = u¯LγµuL − d¯LγµdL − s¯LγµsL , (4)
(the part of J
(L)
µ involving the strange quark was neglected in Ref. [4]) and J
(e.m.)
µ is
the electromagnetic current
J
(e.m.)
µ =
2
3
u¯γµu− 1
3
d¯γµd− 1
3
s¯γµs . (5)
The left-handed current J
(L)
µ can be written as the sum of a piece that transforms as
(8L, 1R) and a piece that transforms as (1L, 1R) with respect to the chiral symmetry
group SU(3)L × SU(3)R.
J
(L)
µ = J
(L)
8µ + J
(L)
1µ , (6)
where
J
(L)
8µ =
4
3
u¯LγµuL − 2
3
d¯LγµdL − 2
3
s¯LγµsL , (7)
J
(L)
1µ = −
1
3
u¯LγµuL − 1
3
d¯LγµdL − 1
3
s¯LγµsL . (8)
The electromangnetic current transforms as (8L, 1R) + (1L, 8R) under SU(3)L ×
SU(3)R.
2
The interactions of kaons, pions, and the eta are constrained by chiral symmetry.
At low momentum they are described by an effective Lagrangian that transforms
correctly with respect to chiral SU(3)L×SU(3)R symmetry and has the least number
of derivatives or insertions of the quark mass matrix
mq =


mu 0 0
0 md 0
0 0 ms

 . (9)
The pseudo-Goldstone bosons pi, K and η are incorporated in a 3× 3 special unitary
matrix
Σ = exp(2iM/f) , (10)
where
M =


pi0/
√
2 + η/
√
6 pi+ K+
pi− −pi0/√2 + η/√6 K0
K− K¯0 −2η/√6

 . (11)
The matrix Σ transforms under chiral SU(3)L × SU(3)R as
Σ→ LΣR† , (12)
where L is a member of SU(3)L andR is a member of SU(3)R. The strong interactions
of the pi, K and η are described by the effective Lagrangian density
L = f
2
8
Tr∂µΣ∂
µΣ† + vTr(mqΣ+ Σ
†mq) , (13)
where f ≃ 132 MeV is the pion decay constant. The first term in eq. (13) is invariant
under chiral SU(3)L×SU(3)R and the second term transforms as (3L, 3¯R)+(3¯L, 3R).
The enhanced part of the effective Hamiltonian for weak ∆S = 1 nonleptonic kaon
3
decays transforms as (8L, 1R) under chiral symmetry and is given by
H|∆S=1| = g8GF f
4
4
√
2
V ∗usVudTrOW∂µΣ∂
µΣ† + h.c. , (14)
where
OW =


0 0 0
0 0 0
0 1 0

 , (15)
projects out the correct part of the octet and the measured KS → pi+pi− decay
amplitude determines that |g8| ≃ 5.1.
J
(L)
8µ and J
(e.m.)
µ are currents associated with generators of chiral symmetry. At
leading order in chiral perturbation theory the K+ → pi+Z0 vertex that arises from
the Z0 coupling to these currents is obtained by gauging the chiral Lagrangian density
(13) and the Hamiltonian density (14) via the replacement
∂µΣ→ DµΣ = ∂µΣ + i
√
g21 + g
2
2Z
0
µ (QΣ− sin2θW[Q,Σ]) , (16)
where
Q =


2
3 0 0
0 −13 0
0 0 −13

 (17)
is the electromagnetic charge matrix, and computing the tree level Feynman diagrams
in Fig. (1) (using the interactions that follow from eqs. (13)-(17)). In Fig. (1) the
incoming dashed line denotes the K+, the outgoing dashed line denotes the pi+ and
the wiggly line denotes the Z0. (Only some of the diagrams in Fig. 1 were considered
by Ref. [5].) We are interested in the part of the K+ → pi+Z0 vertex proportional to
(pK + ppi)
µ. The part proportional to (pK − ppi)µ doesn’t contribute to K+ → pi+νν¯
since the neutrinos are massless. The Z0 coupling to J
(e.m.)
µ doesn’t give rise to a
4
K+ → pi+Z0 vertex at the leading order of chiral perturbation theory (the three
diagrams in Fig. (1) cancel [6]). The Z0 coupling to J
(L)
8µ gives
GF
2
√
2
√
g21 + g
2
2 g8V
∗
usVudf
2
[
0 + 1− 2
3
]
(pK + ppi)
µ , (18)
for the K+ → pi+Z0 vertex (mu and md are neglected here). The three terms 0, 1
and −2/3 in the square brackets of eq. (18) arise from Figs. (1a), (1b) and (1c)
respectively. The long distance contribution to K+ → pi+νν¯ that results from the
vertex in eq. (18) is
ξ
(8)
LD =
g8pi
2
3
(f/MW )
2 . (19)
Numerically eq. (19) is about 5 × 10−5 which is only 5% of the charm quark short
distance contribution, ξc.
TheK+ → pi+Z0 vertex arising form the Z0 coupling to J (L)1µ cannot be calculated
using chiral perturbation theory alone because through the anomaly instanton field
configurations in the QCD path integral spoil the axial U(1) symmetry. (It is expected
to have the same order of magnitude as eq. (18).) However, in the large Nc limit [7]
effects of the anomaly are suppressed and the axial U(1) is a good symmetry [8]. Then
the Z0 coupling to J
(L)
1µ is taken into account by adding to the covariant derivative
in eq. (16) the term
i
√
g21 + g
2
2Z
0
µ (−
1
6
Σ) . (20)
In the large Nc limit the coupling of the Z
0 to J
(L)
1µ gives rise to the K
+ → pi+Z0
vertex
GF
2
√
2
√
g21 + g
2
2 g8V
∗
usVudf
2
[
0 + 0− 1
3
]
(pK + ppi)
µ . (21)
The three terms 0, 0 and −1/3 in the square brackets of eq. (21) come respectively
from Figs. (1a), (1b) and (1c). This implies that the Z0 coupling to J
(L)
1µ gives a
5
contribution to ξLD that satisfies
lim
Nc→∞
ξ
(1)
LD = −
g8pi
2
3
(f/MW )
2 . (22)
This cancels the contribution in eq. (19).
In the large Nc limit the leading (in chiral perturbation theory) long distance
contribution to K+ → pi+νν¯ from Feynman diagrams with a W boson and a Z0
boson vanishes. However, in the large Nc limit the η
′ is a pseudo-Goldstone boson
(m2η′ is of order 1/Nc). It’s large mass, 958 MeV, is an indication that this limit is not
trustworthy [9]. Nonetheless, it seems likely that some remnant of the cancellation
that occurs as Nc → ∞ survives in the physical case of three colors. We do not
expect the long distance contribution to K+ → pi+νν¯ from Feynman diagrams with
a W and Z0 to exceed eq. (19). Contributions from Feynman diagrams with two
W bosons are expected to be even smaller. They are not enhanced by the factor g8
which reflects the ∆I = 1/2 rule.
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Figure Caption
Feynman diagrams that dominate the K+ → pi+Z0 vertex in chiral perturbation
theory. The shaded circle denotes an insertion of the weak ∆S = 1 nonleptonic
Hamiltonian in eq. (14).
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